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Gaugino condensation is discussed in the context of a consistent new version of low energy heterotic 
M-theory. The four dimensional reduction of the theory is described, based on simple boson and 
fermion backgrounds. This is generahsed to include gaugino condenstates and various background 
fluxes, some with non-trivial topology. It is found that condensate and quantised flux contributions 
to the four- dimensional superpotential contain no corrections due to the warping of the higher 
dimensional metric. 
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Horava and Witten P, Q proposed some time ago that the low energy limit of strongly coupled heterotic string 
, theory could be formulated as eleven dimensional supergravity on a manifold with boundary. Although the theory 
C/^ ' has received less attention recently than type IIB superstring theory, it nevertheless possesses advantages over other 

string theories as a starting point for particle phenomenology 4] . 
T-H ' The original formulation of Horava and Witten contained some serious flaws which where corrected recently using a 
] new formulation of supergravity on manifolds with boundary @, 0] ■ The most serious problem affecting the model 
' ^ ' was that it was expressed as a series in factor kh^/'^ multiplying the matter action, which worked well at leading and 
next-to-leading order but became ill-defined thereafter. This problem was resolved by a simple modification to the 
^ . boundary conditions resulting in a low energy theory which is supersymmetric to all orders in kh'^^^. 

' It is necessary to revisit important issues such as reduction to four dimensions and moduli stabilisation, where 
f~i . there has been much progress recently [1, [^, [l^, [ill, 13 EB] , in the light of this new formulation of low-energy 

heterotic M-theory. In this paper we shall focus on the effects of gaugino condensation, since this is the quantity 
which is most affected by the new boundary conditions. 
^ ■ In the usual reductions, six of the internal dimensions lie on a Calabi-Yau three-fold and one internal dimension 
' stretches between the two boundaries. Often, five-branes are included which run parallel to the boundaries. The 
reductions have separation moduli between the boundaries or five branes and Calabi-Yau moduli, which naturally 
■ split into two families depending on the type of harmonic form: (1, 1) and (2, 1). A variety of stabilisation mechanisms 
have been proposed: 



■ • internal fluxes, which might fix the (2, 1) moduli by analogy with the moduli stabilisation used in type IIB string 

00 ! theory [ll| 



• branes stretching between the boundaries or the five-branes [1, Q 

• gaugino condensation, which gives a potential depending on the Calabi-Yau volume [ll|, [l3, [H, [3| 



X, 

H , In addition to the stabilisation mechanisms, there also has to be added some means of ensuring that the effective 
cosmological constant is non- negative [§, [l^ . 

We shall consider a toy model with the simplest possible set of ingredients, where there is only one harmonic (1, 1) 
form and no five-branes. We hope to clear up some issues, such as the contribution which the warping of the metric 
makes in flux contributions to the superpotential. We are not aiming to present a fully phenomenologically accurate 
description of low energy particle physics. 

Before proceding, we shall review some of the ingredients of the improved version of low-energy heterotic Af-theory 
described in Ref . [Sj . The theory is formulated on a manifold M with a boundary consisting of two disconnected 
components Mi and AI2 with identical topology. The eleven-dimensional part of the action is conventional for 
supergravity. 



SsG= i / (-m) - ^iT'''''Dj{n*)'^K ~ ^.GijklG 
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where G is the abehan field strength and is the tetrad connection. The combination G* — (G + G)/2, where hats 
denote the standardised subtraction of gravitino terms to make a supercovariant expression. 
The boundary terms which make the action supersymmetric are, 

^0 = 4-/ {^^ ^^aT^^'-^b + \^aT^-^n) dv, (2) 



^11 JdM 



where K is the extrinsic curvature of the boundary. We shall take the upper sign on the boundary component dM.i 
and the lower sign on the boundary component dM2- 

There are additional boundary terms with Yang-Mills multiplets, scaled by a parameter e, 

^'^"^J.j^'^'' (i {^'^' - l^'^') + l^^xr^DAiCinx + i^-Ar^^r^tri^^cx) , (3) 

where F* = {F + F)/2 and fi** = (fi + ri*)/2. The original formulation of Horava and Witten contained an extra 
'XXX^' term, but it is not present in the new version. The formulation given in ref. [Tj was only valid to order i?, 
and the extension of the theory to include the E? term will be reported elsewhere. 

The specification of the theory is completed by boundary conditions. For the tangential anti-symmetric tensor 
components. 



Cabc = [^ABC - 2^ ABC j T — etrxr^scX- (4) 

where uS^ and oj^ are the Yang-Mills and Lorentz chern-simons forms. These boundary conditions replace the modified 
Bianchi identity in the old formulation. A suggestion along these lines was made in the original paper of Horava and 
Witten For the gravitino, 

r^^(i^± + erP^)*A = e(^Jy^-^JL-'), (5) 
where P± are chiral projectors using the outwart-going normals and 

F = ltr(xF^Bcx)r^''^- (6) 

Jy is the Yang-Mills supercurrent and Jl is a gravitino analogue of the Yang-Mills supercurrent. 

The resulting theory is supersymmetric to all orders in the parameter e when working to order B? . The gauge, 
gravity and supergravity anomalies vanish if 

Further details of the anomaly cancellation, and additional Grecn-Schwarz terms, can be found in Ref. 



II. BACKGROUND 



The reduction to four dimensions begins with a family of solutions to the field equations which are homogeneous in 
four dimensions. In this section we shall adapt the background-field solutions used orginally by Witten [J], (further 
developed in [lO, HH, [l^] ) , to the new formulation of low-energy heterotic M-theory. These solutions where obtained 
order by order in e. We expand the solutions in a similar way, but starting from an action which is valid to all orders 
in e gives better control of the error terms. 

The anzatz for the background metric is based on a warped product M x. / Z2 ><■ Y where y is a Calabi-Yau 
space. In this metric there are two copies of the 4— dimensional manifold M, Mi and M2, separated by a distance 
III. Ideally, a typical value for the inverse radius of the Calabi-Yau space would of order the Grand Unification scale 
lO^^GeV and the inverse separation would be of order 10^'^GeV. 
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The explicit form of the background metric anzatz which we shall use is 

ds^ = V-^/^dz^ + V-^''^T]^^dxfdx'' + V^l^ig^idx^dx^ + gabdx'' dx'') . (8) 

where ?7^j, is the Minkowski metric on M, g^i a fixed metric on Y and V = V{z)^ zi < z < Z2. Our background 
metric anzatz is similar to one used by Curio and Krause [soj . except that we use a different coordinate z in the S1/Z2 
direction. 

For simplicity, we shall restrict the class of Calabi-Yau spaces to those with only one harmonic (1,1) form with 
components igah- this case the background flux for the antisymmetrc tensor field depends on only one parameter 
a, 

Gabcd = {gacgtd - 9ad9bc) (9) 

This anzatz solves the field equation V • G = 0. The exterior derivative of the boundary condition ([4]) implies 

^^/-7lN^^^)-5tr(i?Ai?)) onAfi 

I (tr(F A F) - itr(i? A R)) on Ma ^ ' 

Since tr(i? A i?) is a (2, 2) form, it takes a similar tensorial form to the flux term in Eq. Q. The boundary conditions 
are satisfied if tr(F A F) = tr{R A R) on the visible brane Mi and F = and on the hidden brane M2. The value of 
a can be related through Eq. (jlOp to an integer /3 characterising the Pontrjagin class of the Calabi-Yau space [2^ . 

4V27r2 

a = ^7^6/3 (11) 

where wpy is the volume of the Calabi-Yau space. 

The volume function V{z) is determined by the exact solution of the 'zz' component of the Einstein equations [s^ . 

V{z) = 1 - V2az. (12) 

The metric anzatz in consistent with all of the Einstein equations apart from the ones with components along the 
Calabi-Yau direction, where the Einstein tensor vanishes but the stress energy tensor is 0{a^). The difference between 
an exact solution to the Einstein equations and the metric anzatz Sgu = 0{a^). If we calculate the action to reduce the 
theory to four dimensions, then the error in the action is O(a^). As long as we work within this level of approximation 
we can use the Calabi-Yau approximation as the background for our reduced theory. Note that this approximation is 
uniform in z, and having small values of a does not necessarily mean small warping. 

We shall also need to know the backgound solutions for a Rareta-Schwinger field when it takes non-zero constant 
values on the boundary. It is conveniant to redefine the Rareta-Schwinger field first by taking 

A/ = - ^TiT '^j (13) 

The Rareta-Schwinger equation for A/ becomes 

(r'Dj ^r"^^GuKL^ Ap + ^GpjklT-'^X^ = (14) 
The solution with our metric/fiux background and boundary conditions ([5]) is 

where u± are the covariantly constant chiral spinors on the Calabi-Yau space and 0^ is a chiral 4— spinor. 



III. REDUCTION 



Reduction of low-energy heterotic M— theory to 5 or 4 dimensions follows a traditional route. The light fields in 
the 4— dimensional theory correspond to the moduli of the background fields. We shall be focussing especially on the 
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volume of the Calabi-Yau space and the separation of the two boundaries. These quantities can be expressed in terms 
of the values of V on the two boundaries, Vi and V2. 

To allow for gravity in 4— dimensions, the metric is replaced by 

ds^ = _^ y-i/3$2~^^^^Mrfa;^ + v^/^{g^idx''dx'' + gatdx^'dx''). (16) 

The factor <i>^ is required to put the put the metric g^^ into the Einstein frame, 

^^(v,'/'-vry''\ (17) 



With this definition of the Einstein metric, the gravitational coupling in 4 dimensions is given by 



2 2V2 



< = ^ -a- (18) 

3 VCY 

The reduction to the Einstein frame decouples the metric derivatives from Vi and ¥2- The kinetic terms for Vi and 
V2 become [SJ 



2^ (1^^^^ in<i>)(9^v^i)(a^v^i) + |(a^, in$)(a,y2)(a^v^2) + 3(ay,9v', in$)(a^Fi)(9'^^2)) dr 



(19) 



where t is the volume element for the metric g^^. Most authors like to introduce an extra length-scale p into the 
metric, which then appears in the defintion of K4 [20l. [21I [2^. However, this scale is a redundant variable and gives 
the false impression that the brane separation can be chosen arbitrarily. 

For the Yang-Mills multiplets we have to rescale the gaugino to normalise the kinetic terms correctly, 

X, = V^/^<^>-^/^x^ <E)u+ + V^i/'^$~3/2 ~* ^ (20) 

where u± are the covariantly constant chiral spinors on the Calabi-Yau space. The matter action for the hidden Eg 
multiplet, for example, becomes 

^'^ " 4? ^ ^ X2rD^X2) dr. (21) 

where the Yang-Mills coupling is 

Note that all of the model parameters kh, e, a and vcy can be expressed in terms of the integer P and measurable 
parameters K4 and g for the purposes of phenomenology. 

The reduction from 5 dimensions to 4 has also been done using a superfield formalism by Correia et al [2^. This 
shows that in the /ii i = 1 case the reduced theory is a supergravity model with Vi and V2 belonging to chiral 
superfields Si and 5*2 with Kahler potential 



K 



((5i + ^1*)^/' - (^2 + 52*)^/^) (23) 



Note that, for the real scalar components, the conformal factor introduced in Eq. ([5]) and the Kahler potential are 
related by 

$ ^ 22/3e^/6, (24) 

making the action derived from the Kahler potential consistent with Eq. (fT9|) . The superfields Si and 5*2 also appear 
in the reduced theory as gauge kinetic functions for the Es Yang-Mills supermultiplets. 



IV. CONDENSATES AND FLUXES 



Fermion condensates and fluxes of antisymmetric tensor fields may both play a role in the stabilisation of moduli 
fields. In the context of low energy heterotic M-theory the most likely candidate for forming a fermion condensate 
is the gaugino on the hidden brane, since the effective gauge coupling on the hidden brane is larger and runs much 
more rapildy into a strong coupling regime than the gauge coupling on the visible brane. 

In the new formulation of low energy heterotic M-theory, gaugino condensates act as sources for the field strength 
G through the boundary conditions. Other non-zero contributions to the field strength are possible, and we shall 
include some of these in the next section. 
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A. Gaugino condensate 

The anzatz for a gaugino condensate on the boundary Mi is [l^ , 

Xi^abcXi = ^i^abc (25) 

where depends only on the modulus Vi and ujabc is the covariantly constant 3— form on the Calabi-Yau space (i.e. 
the one with volume vcy)- The gaugino condensate appears in the boundary conditions for the antisymmetric tensor 
field and induces non-vanishing components 

Cabc — -^£,^abc- (26) 

6 

where ^ is a complex scalar field. The field strength associated with these tensor components is 

Gabcz — —{dzO^abc- (27) 

When we solve the field equation V • G = with boundary conditions (|4]), we get 
where $ was defined in eq. (|17|) . The new flux contribution is 

Gabcz = -|(Ai + A2)e'i>^L0abcV'/\ (29) 

The appearance of $ in this formula is independent of the normalisation of the metric, but its presence here will prove 
essential for the consistency of the reduction. 

The non-zero flux depends on Vi and V2 through the $ term and through A, which depends on the volume factors 
Vi and V2 in the gaugino couplings. The term in the action reduces to a potential Vc in the Einstein frame, where 

V2'2 



Vc = ^'-^a^'\A^+A2\'. (30) 



This is not the whole story, however, and we shall attempt to flnd the potential by a better method, using a reduction 
of the fermion sector in Sect. IIV CI 



B. Fluxes 



The boundary conditions on the flux G do not fully determine the value of Gabcz ^ and it is possible to have a 
non-zero flux of the form (|29p even in the absence of a gaugino condensate. In this situation the main restriction is 
topological, related to the quantisation rule [H, [2^ , 

RhR^n (31) 



1 /■ G 1 



47re J a 27r 327r- 

where G4 is a any closed four-cycle. We have to apply this rule in the presence of boundaries, where there are 
modifications as suggested by Lukas et al. We shall use, 

where Cqm denotes the restriction of the antisymetric tensor G to the boundary. 
We modify our earlier anzatz so that 

Cabc — jX^abc, (33) 


Czab = ^{dza)bab- (34) 
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This anzatz introduces a non-trivial topological structure with locally defined antisymmetric tensor components bab, 
defined such that db — lu. These components can be related to a gerbe, as described in the appendix. Note that the 
derivative in Eq. ([34|l is needed to ensure that C is the 3— form associated with a 2— gerbe. 
The solution to the field equation V • G = is now 

Gabc. = -|(Ai + A2 + X)e^^iUabcV^/^ (35) 

where A depends on the values of a on the boundaries Mi and M2, 

A =^((71-^2) (36) 

The A term is the M-theory analogue of the flux term introduced by Dine et al. [l3| in an attempt to cancell the 
gaugino condensate in type IIB superstring theory. 

The value of A can be determined by the quantisation rule ((32)l using C4 — S1/Z2 C3, 

32^/27r^ 

A = T72~^' n = 0, 1,... (37) 

CVcY 

where the constant c is defined by 

Lj. (38) 



CY ^3 



This is the analogue of the flux quantisation in type IIB superstring theory [25| . We can also obtain the quantisation 
rule by calculating the gerbe charge of a, using the rules described in appendix. 



C. Superpotential 

The superpotential W for the moduli superfields Si and Si can be obtained from the gravitino mass terms 

£3/2 mass = Ae"^/' {We''0^. + c.c) (39) 
provided that the 0^ are correctly normalised, 

^3/2 kinetic = ^ {O'YD^O, + c.c) . (40) 

4 

Note that these are valid in the Einstein frame and indices are raised with the metric 5^^. 

The 4— dimensional action for the gravitino field can be obtained using the background (fT5|) and metric (fT6|) f33| . 
We introduce an additional factor a = a{Vi, V2) to allow us to adjust the normahsation, 

X^=aV^/^^9f,(g)u++a*V^/^^et(g)U- (41) 

For the kinetic term, 

A'^r''I?,A^|g|i/2 = lapco y2/3 ^q^^-d^q^ + ^.c.) \~g\'/^. (42) 

Similarly, for the flux term, 

A^r'^^^^G,b,,A^|g|i/2 = |ap$2 V^/'u;'''^Gabcz (^^^^ + cc) l^r^'- (43) 

These terms have to be integrated over the Calabi-Yau space and over the z coordinate. However, when we substitute 
the flux from eq. ((35)l . both terms have an identical dependence on z. Therefore the superpotential can be read off 
directly from eqs. ([32]) and by comparison with eqs. (HO)) and ([55]) . The normalisation factor $ cancells due to 
eq. (|24|) . and we get 

W = -3\/2ae (Ai + A2 + A) (44) 
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where Ai and A2 are the ampHtudes of the condensates ([25)) and A is the quantised flux. 

Most discussions of the condensate induced superpotential do not take the warping of the metric into account. 
We have found that the warping of the metric background has had no effect on the superpotential. Krause [2^ also 
finds that the warping does not affect the condensate contribution to the superpotential, but he claims a warping 
dependence in the flux term. This can be traced to a formula for the superpotential given by Anguelova and Zoubos 
[27j . We can derive a similar formula by integrating Eq. (I43|) and comparing to Eq. ([39]) . 

W=—^-^f V-'/'^GAV'^'lo. (45) 

VCY 9 JyxIzi,Z2] 

Note that a depends on the moduli fields when wc normalise the gravitino kinetic term using ()42p . The result derived 
by Anguelova and Zoubos does not contain the factor |ap/$ [s^ . 



V. MODULI STABILISATION 



Moduli stabilisation can be achieved by following a similar patern to moduli stabilisation in type IIB string theory 
[l^ . The first stage involves finding a suitable superpotential which fixes the moduli but leads to an Anti-de Sitter 
vaccum. The negative energy of the vaccum state is then raised by adding a non-supersymmetric contribution to the 
energy. 

The potential is given in terms of the Kahler potential K and the superpotential W, 

V ^ K^^e^ {g'\D,W){DjWy - 3WW*) , (46) 

where gij is the hessian of K and 

D,W = e-^dvM'^ W). (47) 

Minima of the potential occur when DiW — 0. If these minima exist, their location is fixed under supersymmetry 
transformations. However, the boundary conditions at the potential minima are not generally preserved by supersym- 
metry and the theory at a supersymmetric minimum is not necessarily supersymmetric. This distinction is subtle, 
but important because it allows for mechanisms which produce de Sitter minima. 

We shall examine the supersymmetric minima of the potential for two toy models. We shall concentrate on general 
features rather than obtaining a precise fit with particle phenomenology. 



A. Double-condensate 



Following the type IIB route, we assume the existence of a flux term Wf in the superpotential which stabilises the 
(2, 1) moduli, and then remains largely inert whilst the other moduli are stabilised. 

The gauge coupling on the hidden brane runs to large values at moderate energies and this is usually taken to be 
indicative of the formation of a gaugino condensate. Local supersymmetry restricts the form of this condensate to 

A2 = B2 v-]l^e~''^- (48) 
where B2 is a constant and /i is related to the rcnormalisation group /3-function by 

/^=^-^, /3(5) = --|^5^ + .... (49) 

The gauge coupling on the visible brane is supposed to run to large values only at low energies to solve the hierarchy 
problem, and a low energy condensate would have a negligable effect on moduli stabilisation. There might, however, 
be a separate gauge coupling from part of the Eq symmetry on the visible brane which becomes large at moderate 
energies with a significant condensate term. The requirement for this to happen is a large /3-function, possibly arising 
from charged scalar field contributions. The total superpotential for such a model would be given by combining Eq. 
(144)1 with Wf, 



W = be-''^^ + ce-^^i - w, 



(50) 



8 



where w = —Wf and &, c are constants, which we assume to be real but not necessarily positive. 

The fields at the minimum of the potential could be complex, and we therefore separate real and imaginary parts, 

Vi^Ui + ivi. (51) 

The superderivatives of the potential are 

DiW = -cre-^^i - 2(4^^ - u'^^Y'^Y^W, (52) 

D2W = -hiie-^^^ -2{u^^ ^u^^Y^u^^W. (53) 

Solving for the values of Y\ and V2 at the minimum of the potential is not very informative. Instead, we express the 
parameters 6, c and d in terms of the values of V\ and V2 at the supersymmetric minimum, 

n 1/3 rV^ —1 

w ^,4/3_^4/3_2^„l^l/3^2T-%}/^■ ^ ^ 

We conclude from these expressions that, if hjw and cjw are real, then V\ and V2 are both real. (If 6 and c are not 
real, then it becomes difficult to satisfy the background field equations on the antisymmetric tensor field with the 
resulting complex boundary conditions). 




Supersymmetric minima exist for 6 < and c > 0. The values of Y\ and Yi at the minima are shown in Fig. [TJ At 
the minima of the potential, the fiux term is larger than the gauge condensate terms. This is consistent with 
the idea that we consider the stabilisation of the (2, 1) moduli independently of the other moduli. 



B. Other non-perturbative terms 



If there are no high energy condensates on the visible brane, then we can replace the condensate with another 
non-perturbative effect. The usual candidate for this is a membrane which stretches between the two boundaries. 
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The area of the membrane (xVi — V2 and the type of contribution this gives to the superpotential is 

W„p =ce~^(^i-^^). (56) 
The total superpotential for the toy model is given by 

W = be-"^^ + ce-^(^i~^^' - w, (57) 

where w = —Wf and 6, c are constants. . 

This time the parameters 6, c and d given in terms of the values of Vi and V2 at the supersymmetric minimum are 



(58) 
(59) 



Again we conclude from these expressions that Vi and V2 are both real. The values of the moduli at the supersymmetric 
minima of the potential are shown in figure [2l where we have taken r = /i. Other values of r give a qualitatively 
similar figure. There are always supersymmetric minima in the parameter region indicated on the figure. 




0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1 

b/w b/w 

FIG. 2: The values of the volume moduli at the minima of the potential with Wnp and jj. = t. The left panel shows values of 
Vi and the right panel shows values of V2. There are no solutions to the left of the leftmost dashed line {fjV2 = 0.1) and one 
solution to the right of the rightmost dashed line. The strip between the dashed lines indicates a parameter region with small 
values of V2 ■ 



VI. CONCLUSION 



We have started from an improved formulation of low energy heterotic M-theory and revisited some aspects of 
gaugino condensation and moduli stabilisation. Many of the undesirable features that have been introduced previously, 
such as hiding away delta functions in field redefinitions and modifying the Bianchi identities have now become 
unnecessary. The reduction of low energy heterotic Af-theory to four dimensions also displays some new features. 
The non-trivial topology of the anti-symmetric tensor field shows up very clearly, for example. 
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Having an action which is valid to all orders in the gravitational coupling means than now the warping of the 
five-dimensional metric can be taken into account consistently. We would like to stress that a small brane charge a 
does not necessarily imply small warping. 

The final superpotential contains no surprises. It takes the standard form expected for a gaugino condensate in any 
supersymmetric theory 28], and both condensate and quantised flux contributions to the superpotential contain no 
corrections due to the warping of the metric in higher dimensions. 

It remains to be seen how the other ingredients of low energy heterotic Af-theory which we have neglected in this 
paper enter into the mix, for example the extra (1, 1) moduli, five-branes and anti five-branes may all play a role in a 
realistic model [llj. Some features of the present calculation may be helpful in these generalisations. For example, the 
five dimensional superfield formalism gives a good guide as to good choices of moduli fields, in our case these where 
the Calabi-Yau volumes rather than the brane separation. The inclusion of five-branes in the improved formalism for 
heterotic M-theory still remains to be developed. 

We have not made full use in this paper of the fermion boundary conditions (see Eq. ([5])). These will break the 
supersymmetry in the presence of the gauge condensate and a non-zero quantum vacuum energy will result. We 
are presently considering situations where this vacuum energy can raise the vacuum energy at the minimum of the 
potential to positive values. 
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APPENDIX A: GERBE CONNECTIONS 

In this appendix we give a simplified description of connections on gerbes, following the review by Hitchin (29l | . We 
shall define a 1— gerbe with respect to a given open cover [/„ of a manifold. We use the notation Uaf3...-y to refer to 
the intersection of the sets Ua . . .U^. The same subscripts on a tensor indicate that the tensor is only defined on the 
corresponding region. 

A connection with charge g on a 1— gerbe is defined to be a set 

{BaTAafj.gap^} (Al) 

where the Ba are 2— forms, Aap are 1— forms and gafi-y are complex numbers of unit modulus. The forms are related 
by a set of consistency relations, 

Ba~Bfs = -dAap (A2) 

Aap + Ap^ + A^a = -iq^^ dXn gap^ (A3) 

gafSfg'jissgisjsgafS = 1- (A4) 

A simple generalisation allows the definition of p— gerbes with connection for p — 0,1 . . ., the leading terms being 
{p -\- 1)— forms. The case 0— gerbe with connection is equivalent to a U{1) fibre bundle with connection. 

The curvature of the p— gerbe with connection is defined to be dBa and it is independent of the choice of open set 
a. It defines an integral class, i.e. 

(A5) 

. .-2 q 

where n is an integer and Cp+2 is a closed cycle. This generalises the Dirac quantisation condition to p— forms. The 
converse also holds, i.e. given a closed p + 2 form and the quantisation condition, then there exists a gerbe and 
connection. In the case of supergravity, it is the existence of a quantisation condition for the antisymmetric tensor 
fiux which indicates that the antisymmetric field should be associated with a gerbe. 

The wedge product of two connections on a gerbe, lets say B and C, defined by taking the wedge products of 
the form components term by term, usually fails to satisfy the consistency relations. However, with a little care, it 
is possible to define B A dC and C A dB so that these are gerbe connections. If i? is a connection on a pi— gerbe 
with charge qi and C is a connection on a gerbe with charge (72, then B A dC and C A dB are connections on a 
Pi + P2 + 1— gerbe with charge qiq2- 
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We can apply the gerbe technology to the Calabi-Yau 3— form u). Introduce a closed cycle C3 and define a constant 
c by 



There is only one 3-cycle on the Calabi-Yau space which gives a non- vanishing result, and the associated quantisation 
condition implies there exists a gerbe connection h with curvature db = uj and charge qb — 2'kc~^Vqy^ . 
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